Abstract. We propose and study a class of generalized surface quasi-geostrophic equations. We show that in the inviscid case certain radial solutions develop gradient blow-up in finite time. In the critical dissipative case, the equations are globally well-posed with arbitrary H 1 initial data.
Introduction and main results
We consider in this paper a class of generalized surface quasi-geostrophic (SQG) equations
where κ ≥ 0, γ ∈ (0, 2] are fixed parameters and the velocity u is related to the potential temperature θ by:
with Q β = cos β − sin β sin β cos β .
Here β ∈ [0, 2π) is also a fixed parameter. If β = π/2 or 3π/2, we recover the usual 2D quasi-geostrophic equation in which u is divergence free. In this sense we regard (1.1) as a generalization of the usual SQG. The fractional Laplacian (−∆) α for any α ∈ R is defined by the Fourier transform:
The case κ = 0 is called inviscid SQG. When κ > 0, the cases γ > 1, γ = 1 and γ < 1 are called sub-critical, critical and super-critical respectively. In this paper we will focus on the inviscid case and the critical case. Before we formulate our main results, we shall review the existing literature on the usual SQG. The inviscid SQG is derived from general quasi-geostrophic equations in the special case of constant potential vorticity and buoyancy frequency (see [13] and [23] found that the SQG equations with smooth initial data develop sharp fronts in the level sets of θ. They conjectured the possibility of formation of a finite time singularity in ∇θ. However a more careful simulation later conducted in [7] and [22] revealed the absence of such singularity and attributed the observation in the simulation of [21] to a growth of double exponential type. Indeed Córdoba proved rigorously in [10] that the hyperbolic saddle scenario of blow up suggested in [21] is not possible. Some interesting related 1D models were also proposed and studied. Córdoba, Córdoba and Fontelos [11] [12] studied the following equations:
where Hθ is the Hilbert transform defined by
In the inviscid case (κ = 0) they proved the existence of blow-up solutions to (1.2) for a generic class of initial data. We remark that (1.2) can be regarded as a special case of our model (1.1) if one chooses β = 0 and θ 0 (x 1 , x 2 ) = θ 0 (x 1 ). Some other 1D models all of which have some analogy with the 2D SQG and the 3D Euler equation in vorticity form can be found in [2] , [9] , [6] , [18] , [24] , [25] and [26] .
The usual SQG equations with dissipation (κ > 0) have been intensively studied. The sub-critical case is well understood and the global well-posedness result is wellknown (see Constantin, Cordoba and Wu [8] , Carrilo and Ferreira [5] , Dong and Li [17] , Ju [19] and references therein). The problems of global regularity or finitetime blow-up for large initial data in the critical and supercritical case is very challenging and breakthrough only happened recently. The global well-posedness for the critical SQG with periodic C ∞ data was proved by Kiselev, Nazarov and Volberg in an elegant paper [20] . Caffarelli and Vasseur [4] recently constructed a global regular weak solution for the critical quasi-geostrophic equations with L 2 initial data. The global well-posedness of the critical SQG for large periodic or non-periodic H 1 initial data has been recently proved by the first author and Du in [14] and [16] by adapting the method of [20] with suitable modifications. However the problem of global regularity or finite-time blow-up for large initial data in the supercritical case is still open.
We now state our main results. Our first result concerns the behavior of solutions in the inviscid case (κ = 0) with β = π/2 or 3π/2. It is obvious that radial solutions are steady state solutions for the usual inviscid SQG (i.e. β = π/2 or 3π/2). This is no longer the case for β = π/2 or 3π/2. In this case if we consider only the radial solutions, it is not difficult to see that (1.1) is equivalent to the following 1D equation by a simple scaling argument (see the beginning of Section 2 for the derivation):
and
Inspired by [11] we consider an even, positive and C
The local solvability of (1.3) follows from a standard argument. Since (1.3) is a transport equation, it is clear that θ(t, x) will be positive. It is also not difficult to see that the following properties hold true for θ(t, x): Our second result gives the global well-posedness of (1.3) when there is critical dissipation (γ = 1), which shows the effect of dissipation.
. Then there exists a unique smooth global solution to (1.1) in the case κ > 0, γ = 1, 0 ≤ β < 2π. Remark 1.3. This result is perhaps a little bit surprising since in the transport term the velocity u is in general not divergence free when β = π/2 or 3π/2. However the techniques of [20] and [16] do not rely on the divergence free condition and can still be applied here. A similar global well-posedness result also holds in the sub-critical dissipative case, i.e. γ ∈ (1, 2] . In that case we require the initial data θ 0 to be in
The proof of Theorem 1.2 is completely similar to that of a corresponding result in [15] . Therefore we devote the rest of this paper to the proof of Theorem 1.1.
2. Derivation of (1.3) and proof of the main theorem As was already mentioned, equation (1.3) is derived from (1.1) in the case θ is radial and β = π/2 , 3π/2. We now give the derivation of this fact. For radial functions θ, denote θ(t, x) =:θ(t, |x|). We have
where the function g is the same as in (1.4). By this it follows almost immediately from (1.1) that
where the operator T is already defined in (1.3) and the constant C(β) = 0 if β = π/2, 3π/2. Finally we obtain (1.3) by a simple scaling argument and dropping the tildes. To prove our main theorem, we need the following lemma which is inspired by [11] . We conjecture that it holds true for any 0 ≤ δ < 1. However due to some certain technicality (see Section 3), we are only able to prove the case δ = 0. But this is enough for the proof of the main theorem. 
Proof. By the Parseval identity for Mellin transforms, we have
where
Therefore by the Parseval identity for Mellin transforms:
and we have used the fact that |F (λ)| 2 Im(M (λ)) is an odd function of λ. Now take δ = 0 and use Lemma 3.3, we conclude that
where we used the Parseval identity for Mellin transforms again:
The lemma is proved.
GENERALIZED SURFACE QUASI-GEOSTROPHIC EQUATIONS
Proof of the main theorem 1.1. By lemma 2.1 and the properties of θ, we have
where C L is a constant depending only on L. This implies that J := L 0 1−θ x dx blows up at finite time. Now since
we conclude that θ x L ∞ also blows up in finite time, our theorem is proved.
The lower bound of Re(M (λ))
We show in this section that Re(M (λ)) is bounded below by a positive absolute constant. Recall that
Integrate by parts and we get
For ξ = 1, we expand
Substitute this series into (3.1), use Fubini's theorem and integrate by parts in the last term, we have
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where for k = 0 we define (−1)!! = 1 and Γ(·) is the Gamma function. It is most convenient to choose α = 1/2 since in this case we have
We assume henceforth α = 1 2 and write
where C is a positive absolute constant and
There exists a positive constant C 1 such that for any λ ≥ 1 we have
Proof. We use the letter C to denote absolute constants which may vary from line to line. First by using Stirling's formula we have
By using the representation of Γ(z):
it is easy to show that for any k ≥ 100λ 2 ,
where the constant C does not depend on λ. The lemma is proved by noting that
Observe that F (k, λ) ≥ 0 whenever k ≥ λ + 1. We have the following lemma. 
Proof. We begin by observing the following easy inequality which holds for any
In fact it is enough to prove the case k = 1 and we leave it as an exercise to interested readers. Now it suffices for us to show
It can be simply checked that for N ≥ 5 and any j ≥ 0
We are now ready to prove our main lemma concerning the lower bound on Re(M (λ)). for any λ ∈ [0, 5). Our lemma is proved.
